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1 Perron’s Solution to the Dirichlet Problem and Regular
Points

1.1 Perron’s solution to the Dirichlet problem

Let © be a bounded domain, and let f be a bounded function on 92 with |f| < M. We
want to find a harmonic u on Q such that lim,_,¢ u(z) = f(¢) for all ¢ € 9Q. This is not
always possible; consider the case of a punctured disc with f = 1 on the boundary and 0
at the center. Instead, what we will do is describe a process for finding such a function u
under given conditions.

There are several ways to do this:

1. Perron method
2. Wiener method
3. Dirichlet integrals
4. Brownian motion.
We will discuss Perron’s solution.

Definition 1.1. Define V; = {v : v subharmonic in Q,limsup,_,-v(z) < f(¢) V¢ € 0Q}.
This is called a Perron family.

Theorem 1.1. Let u(z) = supy, v(z). Thenw is harmonic on Q. If f € C(0) and if there
exists u harmonic on §) such that lim. ¢ u(z) = f(¢) for all ¢ € 0K, then u(z) = supy, v(z).

Lemma 1.1. Ifv €V}, then v < M.

Proof. Let M" > M, and let E = {z € Q : v(
compact. Then E C §, where Q) is open, and
maximal principle. O

z) > M'}. So dist(E£,09) > 0, and E is
C Q. But £ Ndf) = @, contradicting the



Proof. Let v € Vy, and let B = B(z0, R) C B(z0, R) C §2. Then let

v on Q\ B
Ve=<wv on 0B
solution to D.P. on B.

Then vg < B and v < wp. Pick 21,20 € Q with 21 # 25. Let v, € Q be such that v, € V
satisfy vy, (21) = ug(z). Let V,, = max(vi,va,...,v,) € Vy. Then B C €, and 21,22 € B.
Then (V,)p € V¢ and (V,,)g) T u. By the Harnack principle, v is harmonic on B

Now let w, € Vj such that wy,(22) T us(22). Then define the function W,(z) =
(max((V,)p, w1, ws,...,wy))p. Then (V,)p < (Uy,)p — @ on B. Note that ¢ < @ on B,
and u(z1) — 4(z1). Then v =@ on B, so u =@ = uy on B. Therefore, uy is harmonic. O

1.2 Regular points
Let ©Q be a bounded domain, and let ¢ € 99Q.

Definition 1.2. ¢ is a regular point of 01} if there exists w(z) which is continuous on
Q, harmonic on Q, w(z) > 0 on Q\ {¢}, and w(¢) = 0.

Theorem 1.2. Let f be bounded in OS2, and let { € OS2 be a reqular point. If f is continuous
at ¢, then limgs; 4o us(z) = f(C).

We will prove this next time. Let’s prove another result.

Theorem 1.3. Let ( € N and ' ¢ Q. If [, ={t(+ (1 —-t)¢' :0<t <1} CC\Q,
then C is regular.

Proof. Without loss of generality, ( = —2, and ¢’ = 2. We can conformally map €
to a domain inside D and send the bar [(,('] to 0D via the inverse of the Joukowsky
transformation, w — w + 1/w. O
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